1. (20pts) This question is about singular value decomposition.

(a) Consider
110
A=(11 0]).
001

i. Compute AT A. Find the eigenvalues of AT A.
ii. Compute the singular value decomposition of A.
iii. Write A as a linear combination of eigen-images.

(b) Hence or otherwise, compute the singular value decomposition of

and write A’ as a linear combination of eigen-images.
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7. Consider a matrix A € My~ (R), and let

be one of its singular value decompositions, such that o;; > o;; whenever i < j.

A=UzVvT

(a) Show that the K-tuple (o11,022,...,0kk), where K = min{M, N}, is uniquely deter-

mined.

(b) Show that if {0y : ¢ = 1,2,..., K} are distinct and nonzero, then the first K columns
of U and V are uniquely determined up to a change of sign. In other words, for each

i=1,2,...,K, there are exactly two choices of (4;,%;); denoting one choice by (i, ¥),
the other is given by (—i, —7).
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2. (20pts) Recall that the 0-th Haar function is

1 if0<t<1
Ho(t)z{ N

0 otherwise,

and the other Haar functions are defined by

£ ; +0.5
28 if <t < S
Hopon(t) = ¢ =25 if 2302 <t < 2

0 otherwise

forp=0,1,2,--- and n=0,1,2,--- ,2F — 1.

(a) Write down the Haar transform matrix for a 4 x 4 image, i.e. the matrix such
that the Haar transform of f is HfHT.

(b) Compute the Haar transform g of the following 4 x 4 image
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